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Abstract: Let {Xi,X2, . . .} be a sequence of independent and identically distributed positive random 
variables of Pareto-type with index a > and let {N{t); i > 0} be a counting process independent of the 
Xi^s. For any fixed t > 0, define: 

X2 + X| + • • • + X]: 



lN{t) 

(Xi + X2 + ■ ■ ■ + Xff(f) j 



if N{t) > 1 and rjv(f) := otherwise. 



We derive limiting distributions for Tjv(j) by assuming some convergence properties for the counting 
process. This is even achieved when both the numerator and the denominator defining TAr(t) exhibit 
an erratic behavior (EXi = oo) or when only the numerator has an erratic behavior (EXi < oo and 
IKXi — oo). Thanks to these results, we obtain asymptotic properties pertaining to both the sample 
coefficient of variation and the sample dispersion. 
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1 Introduction 

Let {Xi, X2, . . .} be a sequence of independent and identically distributed (i.i.d.) positive random vari- 
ables with distribution function F and let {N(t); t > 0} be a counting process independent of the X^'s. 
For any fixed i > 0, define the random variable '7Ar(t) by: 

X? + Xn + • ■ ■ + Xfr,.^ 
TnH) ^ (1) 

[Xi + X2 + ■ ■ ■ + x^a)) 

if N{t) > 1 and rjv(f) := otherwise. 

The limiting behavior of arbitrary moments of TAr(f) is derived in Ladoucette [S] under the conditions 
that the distribution function F of Xi is of Pareto-type with positive index a and that the counting 
process {N{t); i > 0} is mixed Poisson. In this paper, we focus on convergence in distribution in deriving 
limits for the appropriately normalized random variable Tpf(^t)- We therefore generalize earlier results by 
Albrecher and Teugels [IJ where the counting process is non-random (referred below as the determin- 
istic case). Here, we still assume that F is of Pareto-type with positive index a except for one result 
where the assumption that the fourth moment of Xi exists is made. Our results are derived under the 
extra condition that the counting process {N{t); t > 0} either V-averages in time or p-averages in time 
according to the range of a. The appropriate definitions along with some properties are given in Section|21 



The results of the paper are mostly obtained by using the theory of functions of regular variation (e.g. 
Bingham et al. W). Recall that a Pareto-type distribution function F with index a > is defined by: 

1 - F{x) - x'°'e{x) as x^oo (2) 

for a slowly varying function £, and therefore has a regularly varying tail 1 — F with index —a < 0. 



Let denote the moment of order f3 > oi Xi, i.e.: 

fip:=EX^=/3 x^^-^ {1- F{x))dx < 00. 
Jo 

Clearly, both the numerator and the denominator defining Tj^^f-^ exhibit an erratic behavior if /ii = 00, 
whereas this is the case only for the numerator if /ii < 00 and /i2 = 00. When Xi (or equivalently F) 
is of Pareto-type with index a > 0, it turns out that fip is finite if /3 < a but infinite whenever (3 > a. 
In particular, /ii < cxd if q > 1 while /i2 < 00 as soon as a > 2. Since the asymptotic behavior of 
Tjv(f) is influenced by the finitcness of fii and/or /i2, different limiting distributions consequently show 
up according to the range of a. This is expressed in our main results given in Section |3| In Section 0] 
we use our results to study the asymptotic behavior of the sample coefficient of variation and the sample 
dispersion, two risk measures popular in applications. 



The coefficient of variation of a positive random variable X with distribution function F is defined by: 

/yx 



CoVar(X) := 



EX 



where YX denotes the variance of X. This risk measure is frequently used in practice and is of particular 
interest to actuaries since it measures the risk associated with X. From a random sample Xi, . . . , Xjv(t) 
from X of random size N{t) from a nonnegative integer-valued distribution, the coefficient of variation 
CoVar(X) is naturally estimated by the sample coefficient of variation defined by: 

CoV^X) := I (3) 
where X := -^i ^^'^ sample mean and S"^ := {-^i ~ the sample variance. 
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For theoretical and practical results pertaining to the coefficient of variation within the context of 
(re)insurance, see Mack 9 . The properties of the sample coefficient of variation are usually studied 
under the tacite assumption of the finiteness of sufficiently many moments of X. However, the existence 
of moments of X is not always guaranteed in practical applications. It is therefore useful to investigate 
the limiting behavior of CoVar(X) also in these cases. It turns out that this can be achieved by using 
results on T^^j-). Indeed, the quantity '77v(t) appears as a basic ingredient in the study of the sample 
coefficient of variation since the following holds: 



Co\M^) = ^N{t)TN(t)~l- (4) 

In Subsection 14.11 we take advantage from this link to derive asymptotic properties of the sample coef- 
ficient of variation under the same assumptions on X and on the counting process {N[t); t > 0} as in 
Section|21 Note that this is done even when the first moment and/or the second moment of X do not exist. 

Another risk measure of the positive random variable X that is very popular is the dispersion defined by: 

In a (re)insurance context, the value of the dispersion is used to compare the volatility of a portfolio with 
respect to the Poisson case for which the dispersion equals 1. Similarly to the coefficient of variation, the 
dispersion D(X) is typically estimated by the sample dispersion defined by: 



(5) 



Defining the random variable Cjv(t) for any fixed t > by: 



._ xl + x^ + --- + 

if N{t) > 1 and Cjv(t) ■— otherwise, leads to the following link with the sample dispersion: 

D{X)=CN(t)-X. (7) 

It turns out that results from Sectional can be used to derive asymptotic properties of the sample disper- 
sion from those of CM(t)- The results are given in Subsection 14 . 21 bv using the same conditions on X and 
on the counting process {N{t)] t > 0} as in Section As for the sample coefficient of variation, cases 
where the first moments of X do not exist are also considered. 

Finally, Section [3 contains a few conclusions. 

2 Preliminaries 

Though standard notations, we mention that — ^ stand for convergence almost surely, in prob- 
ability and in distribution, respectively. Equality in distribution is denoted by —. For a measurable 
function /, we write f{x) = o(l) if f{x) — > as x — > oo. Finally, r(.) denotes the gamma function. 

Let {N{t)\ t > 0} be a counting process. For any fixed t > 0, the probability generating function Qt{-) 
of the random variable N{t) is defined by: 



Qt{z) := E{z^«} = ^ l-^l ^ 1- 



n=0 

Most of our results are obtained by assuming that the counting process satisfies the following condition: 

N{t) V , 

> A as t ^ oo 

t 
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where the Hmiting random variable A is such that P[A > 0] = 1. The counting process is then said to 
I?-average in time to the random variable A. In a single case, we however need to require the stronger 
condition that the above convergence holds in probability rather than in distribution, i.e.; 

> A as t oo 

t 

in which case the counting process is said to p-average in time to the positive random variable A. 

Whether the counting process P-averages in time or p-averages in time, there results that N{t) — ^ oo 
as i — > oo. Note that the convergence even holds almost surely by monotonicity. 

The convergence in distribution is equivalent to the pointwise convergence of the corresponding Laplace 
transforms. One therefore has for a counting process which I?-averages in time or p-averages in time to 
the random variable A that: 

limE\e-'^ \ ^E{e-'H, 9 > 0. (8) 

t—^oo L J 

For every 9 > 0, define ue{x) :— e^^^ for a; > 0. The family of functions {ue}g^Q being equicontinuous, 
it turns out that the convergence in holds uniformly in every finite ^-interval (e.g. Corollary page 252 
of Feller 0). 

Very popular counting processes I?-average in time. We quote a number of examples. The deterministic 
case provides a first example where A is degenerate at the point 1. Any mixed Poisson process obviously 
P-averages in time to its mixing random variable. We refer to the monograph by Grandell jZj for a 
very thorough treatment of mixed Poisson processes and their properties. Also, any infinitely divisible 
distribution on the nonnegative integers generates a process which I?-averages in time as long as the 
generic step-size G is a discrete random variable on the positive integers with EG < oo. In such a case, 
the limiting random variable A is degenerate at the point AEG, where A > is the intensity of the 
homogeneous Poisson process. Finally, any renewal process generated by a nonnegative distribution with 
mean fj, € (0,oo) P-averages in time with A degenerate at the point 1/fi. 

Let us turn to the process {Xf, i > 1} of i.i.d. positive random variables with distribution function F. 
As specified above, most of our results are derived under the condition that the tail of F satisfies (0), 
i.e. that 1 — F is regularly varying with negative index —a. Recall that a measurable and ultimately 
positive function / on M+ is regularly varying with index 7 G M (written / £ RV-y) if for all x > 0, 
limt^oo f{tx)/f{t) — . When 7 = 0, / is said to be slowly varying. For a textbook treatment on the 
theory of functions of regular variation, we refer to Bingham et al. 0]. 

It is well-known that the tail condition ij^J appears as the essential condition in the maximal domain 
of attraction problem of extreme value theory. For a recent treatment, see Beirlant et al. 0. When 
a G (0,2), the condition is also necessary and sufficient for F to belong to the additive domain of attrac- 
tion of a non-normal stable law with exponent a (e.g. Theorem 8.3.1 of Bingham et al. ^). 

Finally, we give a general result that proves to be useful. 

Lemma 1. Let {Yn] n > 1} he a general sequence of random variables and {M{t); t > 0} he a pro- 
cess of nonnegative integer-valued random variables. Assume that {Yn] n > 1} and {M{t); t > 0} are 

independent and that M(t) — > 00 as t ^ 00. IfYn — » Y as n ^ 00 then YM{t) — * Y as t 00. 

Proof. To prove the result of the lemma, we show that liuit^oo ^[YM{t) 1^ y] ~ Fyiy) at all continuity 
points y of the distribution function Fy of Y . 

Let ?/ be a point of continuity of Fy. For every e G (0, 1), there exists np = n^{e,y) G N such that if 
n > no then \P[Yn < y] ~ Fy{y)\ < e since Yn — > Y a.s n ^ 00. Furthermore, the independence of the 
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two processes leads to P[rM(t) < y] = J2'^=o^[Yn < y]P[M(t) = n] so that: 



\nyM(t)<y]-FYiy)\ 



E+ E ){nYn<y]-FYiv)}F[M{t)=n] 



n— n— no + iy 

no 



n— n— no+1 

< P[M(t) < no] +eP[M(t) > no]. 

Since — ^ cx) as i — > cx), it consequently follows that limsupj^o^ |P[lA,/(t) < y] ^ -PV(y)| < e which 
proves the claim upon letting e | 0. □ 

3 Convergence in Distribution for Tf^(t) 

We provide limiting distributions for the properly normalized random variable Tjv(t) defined in |^ under 
the condition that the distribution function F of Xi is of Pareto-type with index a > 0. The last result 
is even established by assuming that /i4 < oo and consequently holds in the cases a — A with < cxd 
and a > 4. Throughout the section, the counting process {N{t)\ i > 0} is assumed to P-average in time 
except for one result where we need to make the stronger assumption that it p-averages in time. 

Case 1: a e (0, 1). We start with the case a G (0, 1) in the following theorem. 

Theorem 1. Assume that Xi is of Pareto-type with index a € (0, 1). Let {N{t); t > 0} V-average in 
time to the random variable A. Then: 

TN(t) — » as t^ oo 

^ a 

where the random vector {UajVa)' has the Laplace transform: 

E|g-rC/„-.y„| ^]£|g-5„(r,s)A|^ r > 0, s > (9) 

with S^ir,s) :=2el^/;°e-("+*)' {u + j^) {^Y" du. 

In particular, the random variable Ua has the Laplace transform: 

E{e-'-^°} =E{e-'-°''i^(i-"/2)A|, r>0 (10) 

and the random variable Va has the Laplace transform: 

E{e-^^"} =E{e-^"^(i-")^}, s>0. (11) 

Proof. Let 1 — F{x) ^ x^'^i{x) for some I G RVq and a G (0,1). Define a sequence {at)t>o by 

2;f oo 

1 — F{at) ^ 7, i.e. linif^oo ^ a7"^(<^i) = 1- From the independence of the X^s, we get: 

00 



n=Q 
00 



e t 



= E ^N{t) = n] ( E 

ri=0 

= Qtie — 



-r-^Xl-s^Xi_ 

e 
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with 6a.t{r,s) -.^-t log e-^'^^y-^'^ dF{x) e [0,oo). 

Assume r > and s > 0. By virtue of Lebesgue's theorem on dominated convergence, it is clear that 
/o°° e~^^'°^^ ~*"t dF{x) — > 1 as t ^ oo. As a consequence, we obtain: 

^.,t(r,s) -tl^j^ e-'-i^y-^^.dFix)-!^ 

= t r (^l-e-'^(^')'-'^^dFix) 



tj {l-F{x))e-''(^y-'^ ('^x + -]dx 



\at at 

y f_ 

/r 2r 



2e^ / ye-y t{l~ F [at 

2^7 



We now apply Potter's theorem (e.g. Theorem 1.5.6 of Bingham et al. 0]) together with Lebesgue's 
theorem on dominated convergence. Then the change of variables y — u + leads to: 

^ f°° - ^- f y s\^°' 
lim 6a,t{r,s) = 2e-i'- / ye ^ [—=- — ] dy 



2v^ 

2efr He-i-^^y (u+^] (^y"du 



Sair, s). 



Define ipt{e) := Qt (e^T^ = E|e-''^| for e>0. From ©, we know that tpt{9) Eje-''^} =: tp{e) 

as < — *■ OO. Moreover, we have just proved that (SQ,t(r, s) — > ^^(r, s) as i — > oo, and it is clear that 
(5Q,(r, s) € (0,oo) for any a G (0, 1). Write the following triangular inequality: 

I'PtiSaA^^ ■5)) - vi^air, s))\ < \ipt{Sa.t{r, s)) - ip{Sa,t{^, s))\ + \ip{Sa,t{r, s)) - ip{Sa{r, s))\ . 

On the one hand, limi_+oo \y^{^a,t{''', s)) — ^'((^^(r, s))| = by continuity of ip. On the other hand, for 
t large enough, there exist reals a,b with < a < Sa{r, s) < b such that (5Q.^f(r, s) G [o.,b]. Then, 
limt^oo |'(ft(5a,t(?', s)) - (p{6a,t{r, s))\ = if and only if limi^oo supeg[„ \<ft{6) - (p{6)\ = 0. The last 
equivalence is true since ^ holds uniformly in every finite 6'-interval. Hence, we obtain ipt{da,tiT, s)) 
ip{da{r, s)) as i — > 00, that is: 



lim E < e "* ' "t » 



t — *oo 



I =E{e-*°('^^^)^}, r>0, s>0 



or equivalently: 



/ N(t) N{t) \ ' 



^ {UajVa)' as t —> 00 



where the random vector {UccVa)' has the Laplace transform l^. 

Using the continuous mapping theorem (e.g. Corollary 1 page 31 of Billingsley [3]), we thus deduce: 

1 ^N{t) ^2 



The marginal distribution of Ua , which is the limiting distribution of X^iL^i' -^f ' determined by its 
Laplace transform: 

E{e-'-^°} -Ele-'-^'^i^ti-^/^)^}, r>0 
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which is obtained by setting s = in 



To get the Laplace transform of the marginal distribution of Va, which is the limiting distribution of 
j^^t remake the argument in the proof above with r = 0. Instead of Sa^tiT, s), work with 
Sa,t{s) ■= —t log e^"" dF{x) e [0,cx)). Assuming s > 0, we obtain: 

j_ /* OO /* OO 

S.As)-^^J^ il-Fi.))e-^d.^l e-yt{l^F{a^)}dy. 
By Potter's theorem and Lebesgue's theorem on dominated convergence, we then get: 

lim = / e~y (^) dy = s"r(l - a) 





leading to: 

This concludes the proof. □ 

Note that in the special case where A is degenerate at the point 1, the random variables Ua and Va 
are stable with respective exponent a/2 and a. In particular, this holds in discrete time i.e. when the 
counting process is non-random. 

Case 2: a = 1, /ii — oo. Our next result deals with the case a — 1 and /ii — oo. 

Theorem 2. Assume that Xi is of Pareto-type with index a = 1 and that fxi = oo. Let {N{t); t > 0} 
V-average in time to the random variable A. Then: 

— j Tmh) — * ^2 
where the random vector (Ui,h)' has the Laplace transform: 

E|g-rC/i-.A| ^jg|g-V^A|^ r>0, .s>0 (12) 

and where {at)t>o is defined by \imt-^aota^^£{at) — 1 and (aj)t>o is defined by \imt-^ac}tafr^i(a^) — 1 
with i{x) = II ^due RVq. 

In particular, the random variable Ui has the Laplace transform I|1U|I with a — 1. 

Proof. Let 1— F(a;) for some £ G RVq and = oo. Define a sequence (a4)t>o by l — i^(af) ~ 

2:^00 tloo 

J, i.e. limt^oo t(^7^^i^t) — !> and a sequence (a()t>o by lim(_^oo to,t~^^{^t) ^ 1 with £{x) = du £ 

RVq. From the independence of the X^'s, we get: 



E 



e "t "t 



with St (r, s) := -t log e ' < dF{x) e [0, 00). 



Assume r > and s > 0. By virtue of Lebesgue's theorem on dominated convergence, it is clear that 
Jq e ' "t dF{x) ^ 1 as t ^ 00. As a consequence, we obtain: 

5t{r, s) - t r F{x)) e""(^)'"'t (^^ a; + i.^ dx 
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The use of the de Bruyn conjugate together with hni2;^oo = leads to ^ — > as i ^ oo. 

The uniform convergence theorem for regularly varying functions (e.g. Theorem 1.5.2 of Bingham et 
al. ^) together with Potter's theorem and Lebesgue's theorem on dominated convergence thus gives: 

lim 6t{r, s) = 2\/r f dy = \fFK. 

A similar argument as in the proof of Theorem ^ applied to the convergence of Qt yields: 

|^E|g-V^A|^ r>0, s>0 (13) 



lim E < e °t "* 



t — ^oo 

or equivalently: 

/ , JV(t) , JV(t) \ ' 

■D 



/ ^ N{t) ^ N{t) \ ' 



{Y, Z)' as t -> oo 

where the Laplace transform of the random vector {Y, Z)' is the term on the right-hand side of (|13() . 

The marginal distribution of Y , which is the limiting distribution of ^ X^iL'i'* -^f^ determined by its 
Laplace transform: 

which is obtained by setting s = in (|13|l . Hence, it turns out that Y Ui where Ui has the Laplace 
transform l|10|l with a — 1. 

To get the Laplace transform of the marginal distribution of Z, which is the limiting distribution of 
-^'^i'Ji' Xi, just remake the argument in the proof above with r = 0. Instead of 5t{r,s), work with 

(5f (s) := —t log Jq°° e "* dF{x) £ [0, oo). Assuming s > 0, we obtain: 

f°° -s^ ts f°° 

^t(s) ^ / (l-^(^))e {I ~ F{x)) dx dy. 

tToo aj Jo «t Jo Jo 

Since i{x) — du ^ (1 — F(u)) du as a; — > oo and using the uniform convergence theorem for 

slowly varying functions, we get: 

{l-F{x))dXr^e(^^^ r^e{a't)r~.!^ ftS t OO . 

By Lebesgue's theorem on dominated convergence, we thus get limt^oo St{s) = s. This leads to: 
and consequently Z = K. 



Therefore, we have: 



/ ^ Nit) ^ N{t) \ ' 



^ (t/i. A)' as t ^ oo 



where the joint distribution function of (J7i, A)' is given through p2|l . 
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Using the continuous mapping theorem, we thus deduce: 

1 ^N{t) ^2 
^ 1^1=1 V Ui 



— 1 TN{t} = -2 — ' — as t^oo 



and the proof is complete. □ 



Case 3: a £ (1,2) or a — 1, fii < oo. In the following theorem, the case a G (1,2) (including a — 1 
if fii < oo) is treated. Two different results are proved according to the choice for the normalization of 

TN{t)- 

Theorem 3. Assume that Xi is of Pareto-type with index a e (1,2) (including a = I if fii < oo). Let 
{N{t); t > 0} V-average in time to the random variable A. 



(a) Then: 



mt)\\ pi,, 

J N{t) ^ — Ua 0,S t OO 



at J fil 
where the random variable Ua has the Laplace transform (|10|l . 

(6) Then: 

t\\ P 1 f/a 

where the random vector {Ua, ^lA)' has the Laplace transform: 

]E|g-r-c/„-sMiA| ^jg|g-W^r(i-a/2)A|^ r>0, s>0. (14) 

In particular, the random variable Ua has the Laplace transform 1)10(1 . 
In (a) and (b), the sequence {at)t>o is defined by \m\t~toota'^°'^{at) ~ 1. 

Proof. Let 1 — F{x) ~ x~°'t{x) for some (. G RVq and a S (1, 2) or a = 1 if /ii < oo. Define a sequence 

x]oo 

{at)t>o by 1 - F{at) ~ 7, i.e. limt^oo ^ ar"^(at) = 1- 

t^oc 

(a) Since /ii < 00 and N{t) 00 as t — > 00, it follows by Lemma^that j^j^ X^t^^i'' -^i /ii as t ^ 00. 

Similar arguments as in the proof of Theorem^lead to ^ J^i^Ji^ -^f ~^ ^a, where the random variable 
Ua has the Laplace transform (|10|l . 

Hence, Slutsky's theorem (e.g. Corollary page 97 of Chung |S]) and the continuous mapping theorem 
yield: 

Tnu) = -o — ' as t—> 00. 

at J I ^N(t) y V Hi 

\W{t) l^i=l ^ 

[b) From the independence of the XiS, we get: 

E 



with 5a,t{r,s) ■.= -t \og e^'^^tY-'^ dF{x) e [0,oo). 
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Assume r > and s > 0. By virtue of Lebesgue's theorem on dominated convergence, it is clear that 
Jp°° e"*^^") dF{x) ^ 1 as t ^ oo. As a consequence, we obtain: 



dy. 



Now, we prove that hmt^oo ^ = 0. When a = 1, we know that i(x) — o(l) since < co. Consequently, 
^ ^ l{at) ^ as ^ — > oo. When a e (1, 2), we have ^ ~ al~°'i{at) ^ as i ^ oo since 1 - a G (-1, 0). 

The uniform convergence theorem for regularly varying functions together with Potter's theorem and 
Lebesgue's theorem on dominated convergence thus leads to: 



lim (5„t(r,s) = 2r"/2 / y^-^e'^ = r"/2r(l - a/2). 

/ S^ t (7-,s) \ 

A similar argument as in the proof of Theorem ^ applied to the convergence of Qt (e '~ j yields: 



hm E 

t — >oo 

or equivalently: 

/ , N{t) , N{t) \ ' 

V 



|g-,-/Mi-a/2)A|^ r>0, s>0 (15) 



(r, Z)' as t -> oo 

where the Laplace transform of the random vector (F, Z)' is the term on the right-hand side of (|15(l . 

The marginal distribution of Y , which is the limiting distribution of ^ X^i^^i'* is determined by its 
Laplace transform: 

which is obtained by setting s = in (|15|) . Hence, it turns out that Y ^ Ua where Ua has the Laplace 
transform I|1U|I . 

Since /ii < oo and N(t) ^—^ oo as t "> oo, it follows by Lemma ^ that Si^^i^ A^i as i ~> oo. 

Moreover, we know by assumption that ^^-^ A as < ^ oo. Hence, Slutsky's theorem leads to: 



i=l ^ ' i=l 



and consequently Z — ^iK. 



Therefore, we have: 

/ , N{t) ^ N{t) \ ' 

V 



I , N{t) N{t) \ ' 



(UajfJ-i^y as i ^ OO 

where the joint distribution function of (C/ct,/iiA)' is given through 114|l . 
Using the continuous mapping theorem, we thus deduce: 



2 1 \^Nit) y2 



— T^^t) = -r Z2 * — as t OO 



and the proof is finished. □ 
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Case 4: a = 2, /i2 = oo. We pass to the case a — 2 and fj,2 = oo. As in the preceding theorem, two 
different resuits are derived according to the way in which TAr(() is normaUzed. 

Theorem 4. Assume that Xi is of Pareto-type with index a = 2 and that ^12 — 00. Let {N(t); t > 0} 
V-average in time to the random variable A. 



(a) Then: 



(b) Then: 



V 



2 



Mi 



(X). 



In (a) and (b), the sequence (aj)t>o is defined by limt^oc ta'f~'^£{a^) = 1 with l{x) — du G RVq. 

Proof. Let 1 — F{x) ~ x~'^l{x) for some ^ g RVo and /i2 = oo. Define a sequence (a()t>o by 
\unt^^tai'^i{a'^) = 1 with i{x) = /(f ^due RVq. 

(a) First of ali, since /^i < 00 and (i) 00 as i 00, it foilows by Lemma^that TldJ^i' -^i /^i 
as t — + 00. 



From the independence of the X^'s, we get: 



ItL <; e "t 



with (5f(r) := -Hog /Q°°e V"iy € [0, c»). 

Assume r > 0. By Lebesgue's theorem on dominated convergence, it is clear that e V "* 7 dF{x) — > 1 
as t ^ 00. As a consequence, we obtain: 

2fr f°° -r( 2tr f°° f°-tV^ 

Stir) pr / x(l~F(x))e \-^Jdx^^ e^M x (1 ^ F(x)) dx dy. 

t^oc oj^ Jo a'/ Jo Jo 

Since £{x) = du ^ u{l — F{u))du as x ^ 00, the uniform convergence theorem for slowly 

varying functions leads to: 

J^'^ x{l-F{x))dxr^i(^a[^l^ r^i{a't)r~.^ as t->oo. 

By Lebesgue's theorem on dominated convergence, we thus get limt^oo ^tir) = 2r. 

A similar argument as in the proof of Theorem ^ applied to the convergence of Qt ""^^ yields: 

( ^ 1 v™<*' x'^ ^ 

MmEle^^'-' '\=E{e'"-^}, r>0 



t — >oc 



or equivalently: 

1 ^^'^ V 



2 A as t ^ 00. 

a'/ ■ 
* i=i 
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Slutsky's theorem together with the continuous mapping theorem finally gives: 

1 \^N{t) ^2 



: — 1 ATIt\ — 



V 



2 



TMif) — TT — > ^ A as t ^ 00. 



(b) From the independence of the X^'s, we get: 



Qt (e 



with 5Q,t(r, s) := -i log e V°i/ * dF{x) e [0,oo). 

Assume r > and s > 0. By virtue of Lebesgue's theorem on dominated convergence, it is clear that 
Io° ^ * dF{x) — ^ 1 as t — > oo. As a consequence, we obtain: 



tToo Jo ^ ^ " \'^'t i 



2tr f f f f 

= — ^C^-Fix)) , e~ydydx + s {1-F{x)) , e-^dydx 

O-t Jo -Jrl ^] +sf Jo Jrl ^] +sf 



= — / x{l-F{x))dxdy + s e^M {l-F{x))dxdy 

o-t Jo Jo Jo Jo 

where y. := (^^f + - ■ 

Since limt^oo i ^(ot) = 1, we have ~ ~ip^ — s- as f — > oo. Consequently, we get ~ ^-tV^ 

t ^ oo. Since i(x) = du ^ u(l — F{u)) as x — s- oo, it follows by the uniform convergence 

theorem for slowly varying functions that: 

x{l-F{x))dxr^£{y^)r^e(^a't^^ ^e{a't)^^ as t ^ oo. 

Moreover, since < oo, Lebesgue's theorem on dominated convergence gives J^' (1 — F{x)) dx fii as 
t —> oo. 

Consequently, another application of Lebesgue's theorem on dominated convergence leads to: 

lim 5a^t{r, s) = 2r + /iis. 

A similar argument as in the proof of Theorem ^ applied to the convergence of Qt (e '~ ^ yields: 



^hmE e '■^^-1 ^--^^^-i ^'UE{e-(2'-+Mis)Aj^ r > 0, s > 

or equivalently: 

V 



' ^ N(t) ^ N(t) \ ' 

^ E i E 



(2A,/iiA)' as i ^ oo. 



Using the continuous mapping theorem, we thus deduce: 

t \' X^ V 2 1 

Tjv(t) = —i — ' — T as oo 

(iEf.«^0 '''' 

and this ends the proof. □ 
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Case 5: a G (2,4) or a = 2, /i2 < oo. The following theorem concerns the case a E (2,4) (including 
a 2 if /i2 < oo) where it is assumed that the counting process p-averages in time. 



Theorem 5. Assume that Xi is of Pareto-type with index a G (2,4) (including a = 2 if ^2 < 00). Let 
{N(t); t > 0} p-average in time to the random variable A. Then: 



£*{t) 



where is a stable random variable with exponent a/2 independent of A and £* G RVq is given by 
i*{t) ~ ct t^^/°' as t ^ 00 with (ct)t>o a sequence defined by limj^oo tc^ "^^ily/T^) = 1. 



Proof. Let 1 — F{x) ~ x °'£{x) for some £ G RVq and a G (2, 4) or a = 2 if /i2 < 00. For a sequence 

xloo 



't)t>0 



to be defined, consider the following identity: 



bt[Nit)TNit)-^ -fr 



Mi 



N{t) 



X 



N{t) 



N(t) 



N{t) 



M2 



bt H2 



N{t) 



Xi 



X 



N{t) 



bt M2 



■.At 



= :Bt 



Since P [Xf > 



(v^)' tail of X^ is regularly varying with index ~a/2. 



x]oo 

Hence, we get c~^ (S"=i -^i ~ "M2) as n — > 00 for a stable random variable with exponent 

a/2 and a sequence of normalizing constants (c„)„>i defined by 1 — F{y'o^) ^ —, i.e. c„ ~ n^/"^*(n) 

with £*{n) := t'^l°- (v^) G KVq. Since A^(t) 00 as i 00, it follows by LemmaHthat: 



Nit) 



l-2/a 



N(t) 



£*{N{t)) \N{t) 



V 



Wa as t ^ CXI. 



(16) 



Similarly, since n ~ '^Mi) ^(0, cr^) as n ^ 00 where the random variable N(0, a^) has 

the normal distribution with mean and variance cP' := VA"i < cx), we also get: 



■D 



N(0,f72 



as t — !■ 00. 



(17) 



Define the sequence {bt)t>o by 6* 



r(iv(0) / t y-^/" 



This leads to: 



iV(i) 



iV(t) 



1-2/0 



Xi + ---+XNit)J £*{N{t)) \N{t) 



N{t) 



M2 



Since £* G RVq and ^ ^ A as i cx3 with P[A > 0] 1, we get 



e'{t) 



1 as t 00 by using the 

uniform convergence theorem for slowly varying functions and the subsequence principle. Since /ii < 00 
and N(t) 00 as t ^ 00, it follows by Lemma^Jthat -^y^ J2i'Ji^ fii as t 00. Recalling H16() . 

Slutsky's theorem together with the continuous mapping theorem therefore implies that: 



1 VF= 



^^-7;^ AT 



as t 



thanks to the independence of W<^ and A. To prove the latter claim, we condition on N{t), use that ^^^-^ 
is o'(iV(i))-measurable and that {N{t); t > 0} and {Xi; i > 1} are independent and apply pSfl to get: 



Yt := 



N{t) N{ty-^ 



( 1 "^^'^ \ 



< 



N{t) 
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E 



N(t) 



iV(t)i-2/« / 1 ^) , 



Nit) 



l{A<x} P [M^t < y] as t ^ oo 

at any continuity points x of the distribution function of A and y of that of . The sequence of random 
variables {Yf ; i > 0} being uniformly integrable, we use Theorem 5.4 of Billingsley [H] to obtain: 



N{t) ^ ^ 7V(t)l-2/a ^ 1 



t - ' t{N{t)) \ Nit) ^ 
and this proves the claim. 
At the same time, we also have: 
Nit) 



P [A < x] P [W» <y] as t ^ oo 



Bt 



M2 



Ail \Xi + --- + XNit)J V 



i tl/2-2/a 



1 \ f 11 "^''^ 



,1/2-2/a 

Thanks to p7|l and since limt^oo ^^^^^-^ — = 0, Slutsky's theorem, the continuous mapping theorem and 

the independence of N(0, cr^) and A yield Bt — ^ as i ^ oo. Note that the independence of N(0,cr^) 
and A is easily proved using the same kind of arguments as above for the independence of W<^ and A. 

Hence, we get by another application of Slutsky's theorem: 



j.I-2/q / ,, 



P 1 

At + Bt — > — . , as t — > oo 



and the proof is complete. 



□ 



Case 6: fi^ < oo. Finally, the case ^4 < oo is under consideration in the next result which hence holds 
in the cases a = A with finite fourth moment and a > 4. 

Theorem 6. Assume that Xi is such that fi^ < 00. Let {Nit); t >0} V-average in time to the random 
variable A. Then: 

y/t Nit) TM(t) 2 — ' rr~ t-^oo 

\ Ml/ vA 

where the random variables N(0, crj) and A are independent, N(0, crj) having the normal distribution with 
mean and variance defined by: 

2 / \ 3 



'^^=§-(§) -1^. (18) 



n 



Proof. Let the distribution function F of Xi be such that 114 < 00. From the bivariate Lindeberg-Levy 
central limit theorem (e.g. Theorem 1.9. IB of Serfling ^^), one deduces that: 



as n ^ 00 
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where Yn = [Xi, XfY , fi — (/ii, ^2)' and N(0, S) has the bivariate normal distribution with mean vector 
= (0, 0)' and covariance matrix S defined by: 



^ I M2 ^ Ml Ms ^ M1M2 

'~ Ms - M1M2 M4 - m1 



Following the notation in Serfling JHIj we write this as Yn is AN(/i,,n ^S)- 

By the multivariate delta method, the asymptotic normality carries over to any function g X]"=i ^) = 
5 (n ^ X]"=i ^i^) where g : K+ x IR+ ^ K is continuously differentiable in a neighborhood of /x, 

so that g (i ELi is AN(.9(/x), JS J') with J = (|f (/x), |f (/x)' 



With the choice g{x,y) = ^, we find that nT,, is AN(^^, with cr^ given by ijTHJl. Since N{t) ^ 00 
as t — + CX3, it consequently follows by Lemma ^ that: 

^/N{^ [N{t) TAr(t) - ^ N(0, a^) as i ^ 00 

where the random variable N(0, cr^) has the normal distribution with mean and variance crj. 

The continuous mapping theorem together with the independence of N(0, cr^) and A (which is proved 
using the same arguments as for the independence of Ws. and A in the proof of Theorem O finally gives: 



Vi (N{t) T^(,) - ^ [N{t) 



fl2\ V N(0,a2) 



T^(,)--^J-^^^ as t^oc. 



This completes the proof. □ 

We end by a remark. There is a slight incompleteness in the results for the case a = 4. When fj,4 < 00, 
the result is given by Theorem However when ^4 — 00, the results depend on the behavior of the 
slowly varying function £ and the arguments get even more complicated, except for £{x) ^ cx) as i ^ 00 
since Theorem |21 holds with a normally distributed random variable W2. We hope to treat this remaining 
case in the future. 



4 Applications to Risk Measures 

Assume that A is a positive random variable with distribution function F and let Ai, . . . , A^^j) be a 
random sample from F of random size N(t) from a nonnegative integer-valued distribution. Thanks to 
the limiting results derived in Section O and the relations (0J and lO, we investigate the asymptotic 
behavior of two popular risk measures through their distributions. Subsection 14. II deals with the sample 
coefficient of variation CoVar(X) defined in (j^l and Subsection 14 . 21 concerns the sample dispersion D(A) 
defined in ((SJ- The results are obtained under the same assumptions on A and on the counting process 
{N{t); i > 0} as in SectionOl 

4.1 Sample CoefRcient of Variation 

We determine limits in distribution for the appropriately normalized random variable CoVar(A) by using 
the distributional results derived in Section 13 for 1^(4) and thanks to Consequently, different cases 
arise depending on the range of a and on the (non)finiteness of the first few moments. We assume that 
A is of Pareto-type with index a > in Cases 1-5 and that A satisfies < 00 in Case 6. Moreover, the 
counting process is supposed to I?-average in time to the random variable A except for Case 5 where it 
p-averages in time to A. 
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Case 1: a G (0, 1). Since N{t) oo as t ^ oo, it follows from Theorem^ Slutsky's theorem and the 
continuous mapping theorem that: 



CoVar(X) / I V VU^ 

, ~ \ -L N(t) TTTT * ~T7 — ^S r ^ OO 

^/iV(i) V ^' N{t) 
where the joint distribution of the random vector (Ua, Va)' is determined by Q. 

Case 2: a — 1, iii = oo. Define {at)t>Q by lim(_+oo i ar^^('^t) — 1 ^^'^ ('^t)*>o by limt_+oo ^ at~^^(at) = 1 
with £{x) — du e RVq. Since ^ ~ ^ifiylt) as t ^ oo, where and (i)* respectively stand 

for the dc Bruyn conjugate of i and j, it follows that ^ e RVq and consequently that j ^ as 

t oo. Moreover, -^^j^ -—i- A as t oo. Hence, Theorem |5| together with Slutsky's theorem and the 
continuous mapping theorem gives: 



a't CoVar(X) l f a[V ^ 1 ( a[V t v VU^ 



at ^/Ij(t) ' V VaJ t \atj N{t) ' A 

where the joint distribution of the random vector (?7i. A)' is determined by (|12|l . 

Case 3: a G (1,2) or a = 1, /ii < oo. Define (at)t>o by limt_»oo i ^^"^(at) = 1. Since ^ ~ itoTJ ^ 

and -^^^ A as t — > oo. Theorem |3Ja) , Slutsky's theorem and the continuous mapping theorem lead 
to: 



— yUa as t ^ oo 
Ml 



at \ \ at J ^ ' af t 

where the distribution of Ua is determined by H10() . 

Repeating the same arguments as above but using Theorem|ni[6) instead of Theorem|2Ia), we also get: 



t CoVar(X) ft\\ t t V I VU^ 

where the joint distribution of the random vector (J7a,/iiA)' is determined by 1)1411 . 

Case 4: a = 2, ^2 = 00. Define {a'^)t>o by limt^oo i ar^^(aJ) = 1 with e{x) = /q" ^ du £ RVq. From 
/i2 = 00, it follows that £{x) ^ 00 as t ^ 00 and consequently that ^ ~ j^iyy ^ as t — > 00. Moreover, 

^^^Y^ A as t 00. Thus, Theorem 2Ja), Slutsky's theorem and the continuous mapping theorem 
yield: 



^^CoVar(X) = T^^,^--^^—VA as i ^ 00. 



By using Theorem and the arguments above, we also get: 



t CoVarrX) fty^ t t V V2 I 



< ^/m \\<J Ml \/A 
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Case 5: a E (2,4) or a = 2, /i2 < oo. Assume that {N{t); t > 0} p-averages in time to the random 
variable A. From Thee 
theorem, we thus get: 



variable A. From Theorem[3 we deduce that N(t) Tp^tt) — ^ ^ as i — s- oo. Using the continuous mapping 



CoVar(X) ^ CoVar(A:) as t -> oo. 
Moreover, define a sequence (6t)t>o by bt :— where l*{t) := (v^) ^ -'^^o with (ct)t>o a 

sequence defined by hnit^oo ^ c7"^^^(^/ct ) = 1- Denote cr^ := NX < oo and consider: 



6t (CoVar(X) - CoVar(X)^ - ^ ' ' t^i J V ^ ' t^i J 



2 



2cr (CoVa^X) + CoVar(A) 



From Thcorem|31 we easily deduce by using Slutsky's theorem that At jJITa a'^-V" ^^"^ ^ 
as t oo leading by virtue of another application of Slutsky's theorem to: 

CoVar(A) - CoVar(A) ) J as t ^ oo 



£*(t) \ ' ' ' ') Ai-2/ 

where is a stable random variable with exponent a/2 independent of A. 

Case 6: /i4 < oo. The proof of Theorem|Slcan be repeated using the transformation g{x, y) — \J — 1 
and this leads to: 

Vi (CoVa^X) - CoVar(X)) ^ ^ \^ ' as t oo (19) 
where the random variable N ^0, is independent of A and has the normal distribution with mean 



^1 ,,2 



and variance ^t^, with ctJ defined by (|18l) and := YX < oo. 



Assume E {A^i} < oo. When t (^CoVar(A) — CoVar(A) j is uniformly integrable, the first two moments 

of the limiting distribution in ()19f) permit to determine the limiting behavior of CoVar ^CoVar(A)^ . 
Indeed, on the one hand: 

E (CoVa^X) - CoVar(A)) | = (e |CoVa^(A) j - CoVar(A)) as t ~* oo 

which leads to: 

E|CoVa^(A)| ^ CoVar(A) as t ^ oo. (20) 
One the other hand, we also get: 

(t2^?E{A-i} 



V (CoVa^A) - CoVar(A)) | = t V |CoVa?(A)| 



4ct2 

implying that: 

v|CoVa?fA)} 



as t ^ 00 



as i — > oo. 



4a2 t 

Consequently, under the above uniform integrability condition, the coefficient of variation of the sample 
coefficient of variation asymptotically behaves as: 



CoVar (co^A)) ^ i= as t ^ oo. 

In addition, it results from (|19|l and (|20|l that CoVar(A) is a consistent and asymptotically unbiased 
estimator for CoVar(A). 
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4.2 Sample Dispersion 



Adapting the results of Section|nito the random variable C]\f(^t) defined in © permits us to derive limiting 

distributions for the appropriately normalized sample of dispersion D(X) thanks to 0. Different cases 
are considered as for the sample coefficient of variation. We assume that X is of Pareto-type with index 
a > in Cases 1-5 and that X satisfies ^4 < oo in Case 6. Moreover, the counting process is supposed 
to I?-average in time to the random variable A except for Case 5 where it p-averages in time to A. 



Case 1: a E (0,1). Define {at)t>o by limf^oo^at "^(at) = 1- It follows from Theorem ^ and the 
continuous mapping theorem that: 

— CN{t) > -ry- as 00 

at Va 

where the joint distribution of the random vector Va)' is determined by 0. 

Since N{t) 00 and J^fJi' -^i ~^ Vq, as i — > 00, where the distribution of Va is determined by Hll|l. 
Slutsky's theorem together with the continuous mapping theorem yields: 

-D(X) = lc^.(,)--i--^X,^i^ as i-oo. 
at at ' N(t) at ^ Va 

Case 2: a — 1, ^1 = 00. Define {at)t>o by limf^oo i ar^^('^t) = 1 and {a^)t^o by limt^co ^ at~^^(^t) — 1 
with i{x) — du £ RVq. It follows from Theorem |21 and the continuous mapping theorem that: 

a't V Ui 

—!T^N(t) — ^ —r- as t ^ 00 

a? ^' A 

where the joint distribution of the random vector (J7i, A)' is determined by (|12|l . 

Since — ^ n/n*L*'! as < — *■ 00, where and (7)* respectively stand for the de Bruyn conjugate of i 



and J, it follows that ^ e RVq and consequently that j ^ as t — > 00. Moreover, using the same 

independence and conditioning arguments as in the proof of Theorem|Sl we obtain that at any continuity 
points X and y of the distribution function of A: 



N{t) 1 ^) 



t - a 

' 1=1 



' [A < cc] P [A < y] as t 



i.e., since A and ^ J^fJi -^i A as i — > 00, that: 

'N{t) 1 ^^^V V 

-:—2^Xi \ — >(A,A*)' as i^oo 



t at—, 
1=1 

where A* is an independent copy of A. 

Using the continuous mapping theorem, we thus deduce: 

t EfJlX^ V A* 

N{t) a[ ""a 

Hence, Slutsky's theorem gives: 



as t ^ 00. 



T>{X) = -2 Cnu) - 7 — 
ai ai ^ ' t \at 



at) N{t) a\ A 



— — as t — !■ 00. 
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Case 3: a E (1,2) or a = 1, /ii < oo. Define (at)t>() by limf^oo^flt "^(ot) = 1- It follows from 
Theorem I^Ja) and the continuous mapping theorem that: 

2~^N(t) * as I ^ OO 

a* Ml 
where the distribution of Ua is determined by H10() . 

0,m^AandX — > /ii as i — > oo, Slutsky's theorem leads to: 

Nit) ~~ N{t) t N(t) — V 1 

o-t o-t o-t t Ml 

Repeating the same arguments as above but using Theorem|3f6) instead of TheoremUJa), we also get: 



Ml A 



2 ^{X) = — C'pf(^t) ^ X — > — as t oo 



where the joint distribution of the random vector (Ua, fJ-iX)' is determined by p4l) . 

Case 4: a = 2, fj,2 = oo. Define (a()t>o by limt_»oo i a* '^^(at) = 1 with i{x) = du £ RVo- It 

follows from Theorem ^a) and the continuous mapping theorem that; 

^ ^ ^ 

— 72~ ^N(t) — * — ^ as I — > oo. 
a* Ml 

From fi2 — oo, it follows that £{x) — > oo as i ^ oo and consequently that ^ ^ as t — > oo. 
Moreover, since -^^^^ A and X — ^ /ii as i — > oo, Slutsky's theorem yields: 

— 72-D(^) = — 72-C^w(t) - -72^— ^ '—^ as t^oo. 

a* a* a* * Mi 

By using Theorem^Jfe) and the arguments above, we also get: 

-72 D(^) = -72 C'w(t) - -72^^ — as t^oo. 
a^ flj aj 

Case 5: Of G (2,4) or a = 2, /i2 < oo. Assume that {N{t)] t > 0} p-averages in time to the random 
variable A. Define a sequence {bt)t>o by bt := where i*(t) := (Vct) ^ -'^^o with (c()t>o a 

sequence defined by hmt^ooic^ °'^^£{^/ct) — 1 and consider: 

6t (D(xj - D(X)) = 6, (^C•^.(,)-|^-X + /ilj 

/ 1 \ / 1 



/ 1 \ 



Since X /xi, -^^^ — ^ A and ^ i*^f)^'* 1 as t — > oo, Slutsky's theorem and the continuous mapping 
theorem give: 



_ 1 f t \^-^''' t{N{t))N{tY-V^ ( 1 ^^^2 \ -D 1 W^f , 
*"XW(0/ ^*(0 ^*(A^(t)) 1^(0^ 1 ^ /ii Ai-2/" 



thanks to (|16|) and the independence of A and W^. which is a stable random variable with exponent a/2. 
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Incidentally, using (|17|l yields: 

V N(0,g^) 



as i — > cx) 



since the random variable N(0, cr^) which has the normal distribution with mean and variance 
YX < oo is independent of A. Consequently, by considering the equality: 

_ il/2-2/a / 1 ~(*) 



and since > and X — > /ii as t — > cx), Slutsky's theorem together with the continuous mapping 

theorem implies that Bt — ^ as i — > oo. By virtue of another application of Slutsky's theorem, we 
hence obtain: 

^(d(X)-D(X))^-^ as t^oo. 
The latter relation shows in particular that: 

D{X) D(X) as t^oo. 

Case 6: ^4 < 00. Using g{x,y) = ^ — a; in the proof of Theorem |H1 yields: 

yft ( D(X) - B{X)] ^ ^ as t^oo (21) 

\ I VA 



where the random variable N (O, tr^^) is independent of A and has the normal distribution with mean 
and variance crj^ defined by: 

2 . „ „2 , -"2 r,M3 „M2/^3 ,„/Ai2y W4 

CT** .= /i2 - Ml + — - ^ ^ 3- + ^ + — • 

IX\ fll fl'i Vmi/ W 

Assume E {A^^} < 00. When t (l){X) — D{X)j is uniformly integrable, the first two moments of the 

limiting distribution in H21|l permit to determine the limiting behavior of D (l){X)^. Indeed, on the one 

hand: 

E|\/i(^i5(xj-D(X)^| = V<(^E|i5CAj|-D(X)) ^0 as t 00 



leading to: 

E 



|l5(X)|^D(X) as t^oo. (22) 



Note that H21(l together with (|22|l implies that D{X) is a consistent and asymptotically unbiased estima- 
tor for B{X). 

On the other hand, we also get: 

v|\/t(D(X)-D(X))| =tv|l5(X)| -cr^^EjA-i} as t ^ 00 

which implies: 

v|l5(X)| - cr2^E{A-i} i as t^oo. 

Consequently, under the above uniform integrability condition, the dispersion of the sample dispersion 
asymptotically behaves as: 



d(d(x)) 

where cr^ := WX < 00. 



- as t ^ 00 

t 
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5 Conclusion 



We have derived limits in distribution for the random variable 7Ar(t) defined in |^ when the distribution 
function F of Xi is of Pareto-type with index a > or is such that /i4 < cxd. Furthermore, the counting 
process {N{t)] t > 0} has been chosen to I?-average in time or, in a single case, to p-average in time. Dif- 
ferent results have shown up according to the range of a and to the (non)finiteness of the first moments. 
These results have then been used to analyze limiting properties of two risk measures that are used in 
many applications, namely the sample coefficient of variation and the sample dispersion. However, the 
practical applicability of these risk measures depends on the existence of sufficiently many moments of 
the underlying distribution. Hence, the results we have obtained help at illustrating their asymptotic 
behavior when such a moment condition is not satisfied. 

We point out that by choosing the limiting random variable A to be degenerate at the point 1 in our 
results, we retrieve results of Albrecher and Teugels ^ where the counting process is assumed to be 
deterministic. 
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